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Coupling length: a generalized 
gleno-acetabular distance measurement 
for interpreting the size and gait of quadrupedal 
trackmakers
Kent A. Stevens1*  , Scott Ernst2 and Daniel Marty3 

Abstract 

The gleno-acetabular distance DGA, a conventional proxy for the size of a quadrupedal trackmaker, is often estimated 
as the distance GA between the midpoint between a left and right pair of pes tracks and the midpoint between 
a selected pair of left and right manus tracks. While frequently used to estimate trackmaker size from fossil track-
ways, the relationship between GA and DGA depends upon the gait (which is unknown for extinct trackmakers), and 
is subject to multiple additional sources of uncertainty including which specific pair of manus tracks to associate 
with a given pair of pes tracks. Here a generalization is introduced, termed coupling length, which does not require 
any presumption about trackmaker gait of the degree of overstepping. On the contrary, a systematic analysis of a 
trackway in terms of coupling length can permit estimation of both the size and the gait with which the trackmaker 
progressed. Coupling length can be computed at successive points along a trackway, allowing exploration of a range 
of hypothetical gaits and body sizes for the trackmaker responsible. A fitness function quantifying persistent variation 
in coupling length along a trackway is used to indicate whether a given trackway could have been created by a fairly 
consistent gait, and if so, a range of high-fitness solution gaits and their associated DGA. The method was applied to 
selected quasi-regular sauropod trackways and a solution found for a narrow range of gaits with limb phase of about 
0.3 and DGA = 1.6 ± 0.2 m. This is the first estimation of sauropod trackmaker gait, and introduces a novel method by 
which irregularity along a trackway is used as a source of information to constrain inferences of trackmaker behavior. 
The computed DGA for this sauropod suggests significantly smaller trackmakers than conventional estimations based 
on track dimensions and hip height estimates. Size estimation by this approach offers greatly reduced uncertainty 
compared to conventional estimates.
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1 Introduction
1.1  Summary
An extensive collection of sauropod trackways uncovered 
near Porrentruy in the Canton Jura (NW Switzerland) 
provided a rich dataset of thousands of well-preserved 
sauropod tracks, comprising about 260 trackways, many 
of which extended over hundreds of meters (Marty, 
2008; Marty et  al., 2003, 2004, 2010). A thorough sta-
tistical analysis was performed, which led to a novel 
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probabilistic method whereby variations in nearly-reg-
ular trackway yielded inferences about the size and gait 
of the now-extinct trackmakers. The method is offered 
as a refinement of the conventional approach to gleno-
acetabular distance estimation, but it is restricted to 
gaits with duty factors greater than 0.5, and presumes 
the trackmaker was engaged in a symmetrical gait. This 
approach was documented in the final report on these 
ichnoassemblages (Paratte et  al., 2018; Stevens & Ernst, 
2017); see also (Stevens et al., 2017), wherein we reported 
upon this statistically-independent method for estimat-
ing trackmaker size (gleno-acetabular length) that is in 
close agreement with the estimate provided by conven-
tional heuristics, but with finer numerical precision. The 
method simultaneously solved for the sauropod’s gait and 
suggested a narrow range of limb phases spanning about 
0.25–0.3 (i.e., from a lateral sequence singlefoot to a lat-
eral sequence diagonal couplet) (Stevens et al., 2017). The 
method presumes the use of explicit estimates of track 
measurement uncertainty (Paratte et al., 2018; Stevens & 
Ernst, 2017). The uncertainty in localizing tracks along a 
trackway imposes practical limits on the precision with 
which gait can be inferred.

1.2  Conventional methods for estimating trackmaker size
As a quadruped traverses a substrate that preserves its 
passage, the two forelimbs form a succession of manus 
tracks which is soon followed by the pes tracks created 
by the two hindlimbs. A regular, constant gait results 
in a repeating pattern of interleaved pes and manus 
tracks, the spacing and arrangement of which depend-
ing upon the separation between the forelimb pair and 
the hindlimb pair, the length of the steps it takes, and the 
relative timing of the placement of the four limbs (i.e., 
the gait). An important goal of trackway interpretation, 
especially for fossil trackways, is the inference of those 
properties of the trackmaker from measurements of the 
trackway. In the absence of the (now extinct) trackmaker, 
the inferences are grounded variously by analogy with 
the proportions, kinematics, dynamics, and behaviors of 
extant trackmakers. A few of the most common infer-
ences attempt to rather directly relate trackway meas-
urements to corresponding trackmaker measurements, 
relying on assumed constants of proportionality, heuris-
tics about the gait that creates a given track pattern, and 
other rules of thumb. The more assumptions required of 
a given method, the more uncertain are the predictions it 
provides.

There are two conventional approaches towards track-
maker estimation from fossil trackways: track-based and 
trackway-based. The track-based approach estimates 
trackmaker hip height HA from measured pes track 
length PL (or pes width PW), based on a presumed linear 

relationship ratio HA/PL (or HA/PW). Inferred hip height 
is then used to estimate trackmaker size (e.g., gleno-ace-
tabular distance DGA) based on another presumed linear 
proportionality (DGA/HA) and estimated hip height is also 
used to estimate trackmaker speed based on other heu-
ristics (e.g., Alexander, 1976; Lockley, 1991; Thulborn, 
1990)—see Eq. 1, below. Estimated hip height, size, and 
speed are obviously subject to the uncertainty associated 
with those unknown proportionality constants, the valid-
ity of assuming linear proportionality in body dimensions 
(which disregards allometry and relies on assumptions 
about the ichnotaxon), and the measurement uncer-
tainty. We consider the degree of uncertainty associated 
with such track-based assumptions in the discussion.

Alternatively, the conventional trackway-based 
approach estimates the separation between the pectoral 
and pelvic girdles by measuring their so-called “manus-
pes” distance (e.g., Leonardi, 1987). In Fig.  1, a pair of 
manus tracks {LM2, RM2} is assumed to correspond to 
the locations of the forelimbs when the hindlimbs corre-
spond to the pes tracks {LP1, RP1}. Each pair of tracks 
is connected by a line segment, the midpoint of which 
would indicate the center of the corresponding gir-
dle. Those midpoints are then connected by a line seg-
ment GA. The length of GA (the “manus-pes distance”) 
would presumably correspond to DGA for a trackmaker 
standing stationary in those four tracks, or in location 
provided the gait has an interval in which all four limbs 
are simultaneously in support phase. The gait, however, 
is unknown, and while some gaits such as a trot do have 
such an interval during the step cycle, many quadrupedal 
gaits have a maximum of only three limbs in support 
(Hildebrand, 1965, 1976). Alternative formulae have thus 
been proposed that add a heuristic correction factor such 
as “half the stride length plus the manus-pes distance”, or 
“about three-quarters the stride length plus the manus-
pes distance”, “plus one or two stride lengths to the body 
lengths depending on the degree of overlap” (Demathieu, 
1970; Farlow et  al., 1989; Halfpenny, 1987; Leonardi, 
1987; Padian & Olsen, 1984). Clearly a heuristic that adds 
as much as three-quarters of a stride length to account 
for the unknown gait, plus perhaps one or two integral 
stride lengths to account for the hypothesized degree of 
overlap, adds considerable uncertainty to the estimate.

A source of greater uncertainty is the choice of manus 
tracks to associate with a given pair of pes tracks (Leon-
ardi, 1987; Peabody, 1959). In Fig. 1, instead of choosing 
the manus pair {LM2, RM2} as diagrammed, the manus 
pair {LM1, RM1} were selected, GA would be implausibly 
short, but another choice possible pairs of manus tracks 
such as {LM3, RM3} cannot be ruled out a priori, and 
would suggest a body length a full stride length longer. 
Other sources of uncertainty can be identified, such the 
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unknown degree of lateral flexion of the vertebral col-
umn during a step cycle, and differences in the amount of 
limb protraction versus retraction, as occurs in crouched 
or sprawling animals (Bonnan et al., 2016; Fischer et al., 
2002; Irschick & Jayne, 1999). Finally, there is uncertainty 
in an estimate that arises from basic measurement error, 
such as locating track centers. While measurement error 
in this case is minor compared to other sources of uncer-
tainty just mentioned, the compounding of uncertainty 
in nontrivial mathematical computations, so-called error 
propagation (Taylor, 1997), will be demonstrated to be a 
limiting factor in the current study, and has perhaps an 
under-appreciated importance to quantitative ichnology 
in general.

The current study provides an alternative to the con-
ventional track- and trackway-based approaches. Our 
analysis, by design, makes only minimal assumptions 
about the trackmaker. It does not presume any heuristic 
coefficients to scale hip height or body length; it also does 
not presume the trackmaker was engaged in any particu-
lar gait, other than it being a symmetrical and without 
an aerial phase, as will be discussed further). It relies on 
selecting a sufficiently regular and complete segment of 
a trackway, and while we make no assumption about gait 
or body size, we presume that the trackmaker maintained 
an approximately constant gait and body length DGA. 
We then search through a space of possible solutions for 
a schematic trackmaker to the given track position data 
and select that solution (or set of similar solutions) that 
minimizes the apparent variation in body length. As will 
be shown, however, even with regular trackways and 
excellent track preservation, error propagation that starts 

with an inevitable degree of trackway measurement 
uncertainty becomes one of the most significant factors 
that limits the estimation of body size and the infer-
ence of the gait that best accounts for the given trackway 
pattern.

While this study was devised specifically for sauro-
pod dinosaur trackway interpretation, it is not narrowly 
restricted to sauropods, and while the methods we pre-
sent have yet to be applied to extant quadrupeds for 
empirical validation, we are able to show that this novel 
method provides an independent means for the sort of 
trackmaker estimates that are often made based on a few 
static measurements of track dimensions and the separa-
tions between successive tracks.

1.3  Limb phase and duty factor
In a regular quadrupedal gait, the four limbs maintain a 
fixed relative timing of footfalls. We will refer to the left 
and right manus as ML and MR and the left and right pes 
as PL and PR, and we adopt the conventional formulation 
where a step cycle begins when the left pes just contacts 
the ground (Hildebrand, 1965, 1976, 1989). The start of 
the support for the other three limbs is thus measured 
relative to PL = 0. The fraction of the step cycle that each 
limb remains in contact (or support) is the duty factor 
DF (or duty cycle). This study presumes DF > 0.5, hence 
at least three limbs are simultaneously in support at any 
time throughout the step cycle. Additionally, we presume 
the duty factor for the forelimbs and hindlimbs are iden-
tical. Moreover, in this study we are concerned with sym-
metrical regular gaits, i.e., gaits in which the contralateral 
limbs are out of phase by one half cycle, therefore the 

Fig. 1 In the conventional practice of quadrupedal trackmaker size estimation, a line segment is constructed between two pes tracks (LP1 and RP1, 
above) and another between two manus tracks (LM2 and RM2). The separation GA between the centers of these two line segments is often used 
as the basis for estimating the trackmaker’s gleno-acetabular distance DGA, subject to a correction to account for the presumed gait (see text), and 
having selected the correct pair of manus tracks to associate with the given pair of pes tracks. Perhaps contrary to intuition, an exquisitely preserved 
and regular trackway such as BEB-500-S4 (lower), one of the trackways used in this study, could have been created by a quadruped of many 
possible sizes and many possible gaits
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relative timing of the footfalls for all four limbs for a 
regular gait can be characterized by a single parameter, 
limb phase LP, the relative fraction (0 ≤ LP ≤ 1.0) of a 
complete step cycle of the footfall for ML. The four gaits 
pace, walk, trot, and amble are separated by 0.25 in limb 
phase (see Fig. 2). The pace (LP = 0.0) corresponds to the 
left forelimb and hindlimb moving together in synchrony, 
and in counterphase relative to the right forelimb and 
hindlimb. In a trot (LP = 0.5) the left forelimb and the 
right hindlimb in synchrony and in counterphase with 
the right forelimb and left hindlimb. A walk (LP = 0.25), 
which is intermediate between a pace and a trot, is a ‘lat-
eral sequence singlefoot’, so named as the next footfall 
after the left hind limb is on the same side, and only one 
foot touches down at a time (Hildebrand, 1965).

Between the pace and the walk is an intermediate gait 
(LP = 0.125), a ‘lateral-sequence lateral-couplet’ gait 
favored by dogs engaged in walking at a steady speed 
(Griffin et  al., 2004). Likewise, between the walk and 
the trot is an intermediate gait (LP = 0.375), a ‘lateral-
sequence diagonal-couplet’ that is sometimes called the 
‘4-beat trot’, or ‘trot-like walk’ or even ‘dirty’ trot (Lam-
mers & Biknevicius, 2004; Reilly & Biknevicius, 2003; 
Zips et al., 2001). To include these four intermediate gaits 
for a total of eight gaits, we use a simple numbering con-
vention G0–G7 (see Table 1).

While there is universal understanding of ‘pace’, ‘walk’, 
and ‘trot’ (sensu Hildebrand, 1965), a ‘walking’ gait can 
also refer to any gait that uses inverted-pendulum (vault-
ing) mechanics as opposed to a ‘running’ gait that uses 
bounding (bouncing) mechanics (Biknevicius & Reilly, 
2006; Cavagna et al., 1977). A naming quagmire has thus 
resulted, wherein “… some gaits are theoretically possible 
as both walks and runs (trots and singlefoots) whereas 

other gaits occur primarily as runs (pace) or as walks (all 
other symmetrical gaits)” (Biknevicius & Reilly, 2006). 
Since a trot (as traditionally defined by the footfall pat-
tern) might also be either a walk or a run based on its 
whole-body dynamics, we will follow the restricted usage 
of these gait terms to only describe footfall patterns as 
suggested by Biknevicius and Reilly (2006). There is still a 
matter of how to refer to the four intermediate gaits (G1, 
G3, G5, and G7) in a way that reflects their footfall pat-
terns. The G1 gait is referred to here as a ‘pacing walk’ as 
it is intermediate between a pace and a walk, and simi-
larly G3 is a ‘walking trot’ as it is intermediate between a 
walk and a trot, and essentially a diagonal-couplet.

The literature also has some potential confusion in the 
use of the term ‘amble’. An amble can be either a diago-
nal sequence gait G6 (LP = 0.75) or a lateral sequence gait 

Fig. 2 The step cycles for gaits G0–G7 are plotted for a duty factor DF = 0.5 (on left) and DF = 0.6 (right). Blue indicates the limb is in support, red 
indicates transition. For DF = 0.6 only G0 and G4 provide intervals with four limbs simultaneously in support

Table 1 Gaits are conventionally defined by the timing of the 
footfall pattern

A step cycle can be regarded as starting with the left pes beginning the support 
phase. For symmetrical gaits, the left and right hindlimbs PL and PR are out of 
phase by 0.5, as are ML relative to MR. Limb phase refers to the fraction of the 
cycle at which the left manus ML begins its support for the left pes PL. Four 
additional intermediate gaits are included to provide a denser sampling of this 
continuum for our analysis

Limb phase Gait Abbreviation Sequence Couplets

0.0 Pace G0 Lateral Lateral

0.125 ‘Pacing Walk’ G1 Lateral Lateral

0.25 Walk G2 Lateral Singlefoot

0.375 ‘Walking Trot’ G3 Lateral Diagonal

0.5 Trot G4 Diagonal Diagonal

0.625 ‘Trotting Amble’ G5 Diagonal Diagonal

0.75 Amble G6 Diagonal Singlefoot

0.875 ‘Ambling Pace’ G7 Diagonal Lateral
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(LP = 0.25), the latter having some of the dynamics of a 
run, with as few as one foot in support for short duty fac-
tors (Gambaryan, 1974; Hutchinson et  al., 2003, 2006; 
Schmitt et al., 2006). Unfortunately, the term amble has 
also been used as a postulated sauropod gait (Casanovas 
et al., 1997; González Riga & Tomaselli, 2019; Vila et al, 
2013), but their “amble pace gait” and “amble walking” 
are apparently synonymous with the G0 pace.

We note that while given discrete names, behaving 
quadrupeds vary their limb phases by roughly ± 0.06 
from stride to stride (Hildebrand, 1965, 1976, 1989). To 
explore possible sauropod trackmaker gaits, it is assumed 
that limb phase was at least 0.5, and therefore at least 
three limbs are in support during the step cycle. Hence 
we examine all combinations of eight discrete limb 
phases, three choices for overstepping (0, 1, 2), and three 
choices of duty factor (DF = 0.5, 0.6, 0.75). A given choice 
is reflected by the trial name, such as G2-1-60.

1.4  Track measurement uncertainty
The trackway data for the present study is from the mas-
sive, extraordinarily well-documented collection of Late 
Jurassic (Kimmeridgian) dinosaur ichnoassemblages near 
Porrentruy in the Canton Jura (NW Switzerland) (Marty, 
2008; Marty et al., 2003, 2004, 2010; Paratte et al., 2018). 
During the excavation of Highway A16, over 14,000 
tracks of both sauropod and tridactyl dinosaurs were 
discovered, distributed across 50 ichnoassemblages, and 
comprising about 230 tridactyl trackways and 260 sauro-
pod trackways. Some paleosurfaces covered more than 
4000   m2 in area, the largest of which containing nearly 
uninterrupted trackways that extended for hundreds of 
meters.

Figure  3 shows an orthophotograph of the Courte-
doux-Béchat Bovais tracksite (Early/Late Kimmeridgian 
Reuchenette Formation) of the Canton Jura, NW Swit-
zerland (Marty et  al., 2007). Note that some of the sau-
ropod trackways show both manus and pes tracks while 
others are pes-only. Given that a manus track may either 
be missing or overprinted, this study selected only track-
ways containing both manus and pes tracks, to avoid that 
source of spatial uncertainty. Three trackway segments of 
the 500-level of this tracksite were selected, each approx-
imately straight, with a regular pattern, and devoid of 
missing or overprinted tracks, and of sufficient length to 
analyze multiple complete step cycles: BEB-500-S1, BEB-
500-S3, and BEB-500-S4, referred to here as S1, S3, and 
S4.

For the current study, a trackway is represented by 
the locations of its tracks. A physical track is a depres-
sion of the substrate that is often—but not invariably—
surrounded by a raised displacement rim, and within 
which are sometimes preserved impressions of digital 

and metapodial pads and unguals Since the outline of 
a track is often difficult to distinguish from the sur-
rounding substrate, and frequently is partly obliterated 
by another track, the preferred reference point mark-
ing the location of a track is the track ‘center’ (Leon-
ardi, 1987; Lockley, 1991; Thulborn, 1990). A robust 
means to define the track center is provided by the 
following geometric construction (Marty, 2008). The 
sauropod tracks (both manus and pes) in this assem-
blage have displacement rims that are generally ellip-
tical and approximately bilaterally symmetrical: a line 
segment can be constructed to represent the axis of 
symmetry which roughly bisects the track. A second 
line, perpendicular to the first, spans the track at its 
greatest width, and their intersection marks the track 
center. This geometric construction can be applied to 
both sauropod manus and pes tracks, especially those 
that are closed and isolated. Measurement uncertainty 
is greater for shallow tracks with an incompletely-
closed displacement rim. The location of the center of 
each track was assigned an uncertainty from 1 cm (for 
tracks with the most symmetrical and sharply-defined 
displacement rims) to 5 cm (or more, in the case of the 
poorly-preserved tracks) to provide an estimation of 
the precision of each center; see measurement meth-
ods and track statistics in (Paratte et al., 2018; Stevens 
& Ernst, 2017).

While the dimensions of the displacement rim are 
greater than those of the trackmaker’s foot, and its 
roughly elliptical shape is only a rough indicator of 
the foot morphology, the ‘center’ of the displacement 
rim permits a reasonably repeatable measurement of 
track location (Fig. 4). Pooling the 4207 sauropod pes 
tracks in the assemblages studied, the uncertainty-
weighted median ratio PL/PW = 1.3 ± 0.13, matching 
the ratio 1.31 measured for a well-preserved natural 
cast of a sauropod pes (Platt & Hasiotis, 2006), where 
the length included the claw marks. The median meas-
urement uncertainty in PL and PW was about 2 cm. A 
track is therefore represented as a mathematical point 
with associated uncertainties (x ± dx, y ± dy) that 
reflect confidence in that location. Even a modest spa-
tial uncertainty of a few percent, however, can become 
a significant limiting factor in the reliability of a com-
putation due to error propagation.

2  Method
In a precursor to the current study (Stevens et al., 2016), 
a synthetic trackway generator showed that estimat-
ing gait (LP and DF) from a regular trackway pattern 
depends upon trackmaker size DGA and yet trackmaker 
size cannot be sufficiently-precisely estimated from con-
ventional track-based heuristics to disambiguate gait (see 



   18  Page 6 of 27 K. A. Stevens et al.

Fig. 3 An orthophotograph of a small portion of the BEB-515 level of the Courtedoux-Béchat Bovais tracksite. Note that multiple trackways were 
identified with differing trackway patterns (some have distinct manus and pes tracks, and others have only pes tracks). This image covers an area of 
20 m by 10 m
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the Discussion section regarding the estimation of the 
uncertainty associated with those heuristics). It would 
appear a stalemate, for even if pes length were measured 
precisely, that precision would be overshadowed by the 
uncertainty in the proportionality constants used to esti-
mate trackmaker size. Perhaps unintuitively, a source of 
trackway irregularity, which usually just adds statistical 
uncertainty to a trackway measurement (median stride 
length) might be used as a source of gait information to 
break this stalemate (Stevens et al., 2017).

Rather than consider a perfectly regular trackway, we 
examine a segment of an actual, hence slightly-irregular, 
trackway. An individual track (such as LP1 in Fig.  1) is 
represented by a mathematical point indicating its center, 
with an uncertainty associated with each coordinate. 
A trackway is represented by four ordered sequences 
of tracks (e.g., LP1, LP2, etc., for the left pes tracks in 
Fig. 1). The corresponding trackmaker is represented by 
the manus locators ML and MR and the pes locators PL 
and PR. Each locator is a mathematical point that rep-
resents the location of limb distal point of contact and 
which alternates between two states: support while that 
limb contributes to supporting the body, and transition 

as the limb takes the next step, according to a specified 
gait. When a locator is in support, its coordinates (and 
spatial uncertainty) correspond to that of the specific 
track it stands upon. When in transition, its coordinates 
are interpolated towards the next track, and assigned 
greater uncertainty during protraction. The trackmaker is 
simply a set of four independently moving locators, each 
given a specified sequence of tracks to step upon, and a 
prescribed timing and duration with which to do so.

A trial starts for a specified gait (LP, DF) at t = 0.0 with 
PL having just stepped onto LP1; it remains stationary 
until t = DF, whereupon it proceeds towards LP2, arriv-
ing at t = 1.0 (one step cycle later). The left manus ML can 
similarly be modeled according to those gait parameters, 
stepping from one manus track to the next according to 
its assigned track sequence. ML begins support at t = DF 
in the first cycle, and, depending upon the (unknown) 
degree of overstepping, it might initially step upon LM1, 
LM2, or even LM3 (Fig. 1). The trial G2-1-60 would cor-
respond to ML upon LM2. These alternatives are exam-
ined in different trials rather than make any assumption 
about the degree of overstepping. For symmetrical gaits, 
the two hindlimbs are in counterphase, as are the two 

Fig. 5 A diagrammatic representation of a segment of a quadrupedal trackway as it is being traversed by a schematic trackmaker governed by a 
specific choice of gait parameters for this trial. The track locations are from the BEB-500 S1 trackway; the direction of travel was from left to right 
(closed shapes indicate the tracks, with pes tracks in blue and orange, and manus tracks in green and mauve). In this trial the gait is a walk (LP = 0.25, 
DF = 0.5). The trackmaker is indicated by the four locators (with open symbols, a blue ring for left pes, etc.). At the moment depicted, PR, PL, and MR 
are in support and standing on tracks, and ML is in transition. Line segments represent the manus and pes couplers, and the line segment CL that 
connected their midpoints represents the distance between the two couplers. The gray boxes represent the spatial uncertainty of each coupler

Fig. 4 Orthophotographs of well-preserved sauropod tracks from the BEB-500-S1 trackway of the Courtedoux-Béchat Bovais tracksite (Marty et al., 
2007). The displacement rims (solid line) are roughly elliptical and the manus tracks are partly overprinted. Within the roughly elliptical displacement 
rim, the actual outline of the foot is often, but not invariably, apparent (outlined by dashed lines). The displacement rim is more reliably present and 
therefore used as the basis for locating track ‘centers’. The red lines are separated by 50 cm
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forelimbs, therefore PR and MR can be assigned their ini-
tial tracks and timing for t = 0.0.

This pairing between the two hindlimbs is represented 
by a pes coupler γpes (a line segment connecting PL and 
PR, the midpoint of which approximates the location of 
the acetabulum), and likewise a manus coupler γmanus 
represents the coupling between ML and MR, and locates 
the pectoral girdle). The separation between locators γpes 
and γmanus is termed the coupling length CL (Fig. 5) and is 
a generalization of the conventional computation of GA 
(Fig. 1). The derivation of CL is provided in Appendix 1 
(see Eq. 4).

The position of each locator can be sampled at two 
moments within the step cycle: when it just reaches its 
next track, and when it just lifts from that track. During 
its interval of support, that locator has the spatial cer-
tainty of the track on which it stands. When that loca-
tor is in transition towards its next track its location is 
interpolated between its previous and next track with 
an uncertainty corresponding to the stride length (it 

could be anywhere between those tracks). Each coupler 
therefore alternates between having low spatial uncer-
tainty when both locators are in support, and higher 
uncertainty otherwise. Coupling length, being the 
instantaneous distance between the two couplers, thus 
has variable uncertainty within each step cycle along a 
given trackway.

Even the most regular of trackways show sub-
tle shifts in the placement of manus tracks relative to 
pes tracks—irregularities that reflect some unknown 
behavioral event such as a slight hesitation, change of 
speed, or reaction to the movements of other track-
makers. While the instantaneous separation between 
the girdles naturally varies during a step cycle (due to 
axial skeleton flexion, pectoral girdle mobility, etc.), 
it can be regarded as some (unknown) constant for 
the duration of the trackmaker’s progression down a 
trackway. If a regular trackway shows a perturbation 
(e.g., shorter strides for a few cycles) that irregular-
ity is attributed to a momentary change in gait, not a 

Fig. 6 Coupling length computations for the hypothetical regular trackway, for two choices of duty factor (DF = 0.5 on the left and 0.75 on the 
right) and the eight gaits (G0–G7). Each trial depicts the same point in a step cycle at which both hind limbs and the right forelimb are in support 
and the left pes is about to start transition. For the high duty factor trials (right column), note that G0, G1, and G2 are consistent with the same CL 
(and likewise G4, G5, and G6 would be consistent with a constant, but shorter, CL)
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Fig. 7 A segment of trackway BEB-500-S1 of the Courtedoux-Béchat Bovais tracksite (Marty et al., 2007), selected for coupling length computations 
for various combinations of gait and duty factor. While substantially straight and regular, the trackway shows gradual variations in stride length. All 
tracks are very well preserved, with location uncertainties of only a few cm. The top row shows the S1 trackway segment for this study
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change in gleno-acetabular length. If we then monitor 
the instantaneous coupling length for a trackmaker for 
a given hypothesized gait (e.g., G2-1-60), the trackway 

perturbation will be reflected in a corresponding per-
turbation in CL. Depending on the choice of gait, that 
variation might be “taken in stride” (with little varia-
tion in computed coupling length CL) or, for another 
choice of gait would require (in effect) a sudden accel-
eration or deceleration of one or more limbs to adjust 
the stride to accommodate the track positions in the 
vicinity of that irregularity, which is reflected in a sud-
den change in CL. By quantifying the magnitude of the 
perturbation in CL, we can compare the fitness of vari-
ous hypothesized gaits for the given trackway.

The range of computed CL across the space of pos-
sible gaits is considerable, providing a basis for com-
paring alternatives despite the limitations posed by 
measurement uncertainty. Figure 6 illustrates alternative 
CL computations for an idealized trackway given differ-
ent combinations of two duty factors (DF = 0.50, left col-
umn, and DF = 0.75, right column) and the eight gaits 
defined in Table 1.

The range of possible CL interpretations increases con-
siderably when one then considers alternative pairs of 
manus tracks to associate with a given pair of pes tracks. 
For the lateral sequence gaits (G0–G3) in Fig.  6 the ML 
is placed upon the second manus track ahead of the pes 
track on which PL is standing. This is called ‘tertiary over-
step’ (Peabody, 1959). We use a simple ‘track separation’ 
(of 0, 1, or 2) to indicate this choice of manus track, i.e., 
the number of manus tracks between PL and ML. For 
example, in the top row of Fig.  6, the gait is a G0 pace, 
and the track separation is 1, so the gait is termed G0-1, 
to indicate one intervening manus track, as distinct from 
the (improbably) short-coupled G0-0, or the longer G0-2. 

Table 2 Resultant coupling length values (with uncertainties) for 
the highest-fitness solutions for BEB-500 S1

The two closely-related gaits, the G2-1 walk and the G3-0 ‘walking trot’, have 
similar predictions for coupling length CL for a range of duty factors. The 
minimum and maximum values refer to the extremes of CL for each trial, 
straddling the median

Trial Minimum CL (m) Median CL (m) Maximum CL (m)

G3-0-50 1.22 ± 0.08 1.37 ± 0.07 1.49 ± 0.08

G3-0-60 1.26 ± 0.08 1.42 ± 0.07 1.53 ± 0.08

G2-1-50 1.4 ± 0.08 1.57 ± 0.07 1.68 ± 0.08

G3-0-75 1.4 ± 0.08 1.57 ± 0.07 1.68 ± 0.08

G2-1-60 1.49 ± 0.08 1.67 ± 0.07 1.78 ± 0.08

Fig. 9 The G3-0–50 ‘walking trot’ (upper) and the G2-1-50 walk 
(lower). Note the subtle difference in the position of the forelimbs 
and the roughly 20 cm difference in inferred trackmaker CL 

Fig. 8 Solution fitness
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To explore the space of possible computations of CL for 
various hypothetical combinations of track separation, 
limb phase and duty factor, these variables were com-
bined into a single experimental variable, α-phase. Cou-
pling length CL could then be computed along a given 
real trackway, with two computations per step cycle, for 
any specific choice of α-phase.

A graph of CL along the trackway results in a curve that 
fluctuates about a median value. The median value corre-
sponds to the gleno-acetabular distance for a trackmaker 
proceeding with that combination of limb phase and 
duty factor on that trackway. To compare CL across dif-
ferent hypothetical gaits for the same trackway, a fitness 
function was designed to quantify the local deviations of 
CL from the median value. The derivation of the fitness 
function is provided in Appendix 2 (see Eq. 20).

3  Results
Figure 7 shows the trackway segment S1 from track LP11 
to track LP22. Given that coupling length can be meas-
ured twice per step cycle, we could gather 20 values of 
CL along this trackway segment. While at first glance S1 
appears quite regular, note that stride length gradually 
decreases towards LP18 then increases from that point 
on.

The present method was first developed during the 
analysis of the S1 trackway, then it was applied to the 
S3 and S4 trackways. Coupling length CL was computed 
along the length of trackway S1 for each combination of 
the eight gaits (G0–G7), the three track separations (0, 1, 
or 2), and the three duty factors (DF = 0.5, 0.6, and 0.75). 
For example, for a G4 trot, we examined all combinations 
of three track separations and three duty factors (G4-0-
50, G4-0-60, G4-0-75, G4-1-50, etc.). We then excluded 
those combinations that would have placed the pes ahead 
of the manus at some point in the step cycle, resulting in 
a total of 40 trials.

The S1 trackway consists of 10 complete step cycles, 
sampled twice per cycle, resulting in 20 coupling length 
measurements per trial. We accumulated 40 such sets of 
CL measurements, and needed a way to compare them. 
We focussed upon the amount CL varied from cycle to 
cycle along the trackway in response to the slight irregu-
larity in the trackway pattern. A fitness function was cre-
ated to ‘reward’ or provide a better fitness score to trials 
in which CL showed less extreme relative fluctuation 
along the trackway (see Eq. 20, Appendix 2).

Figure  8 shows the resulting fitness functions values 
(ordinate) sorted by coupling length (abscissa). Note 
that the solution fitness is best in the vicinity of a cou-
pling length of about 1.5  m, corresponding to a short-
coupled G3-0 walking trot (for three duty factors 0.5, 
0.6, and 0.75) and a G2-1 walk (for duty factors 0.5, and 

0.6). These five trials were selected to consider in greater 
detail.

The five selected solutions pertain to only two close-
related gaits: the G2-1 walk and the short-coupled G3-0 
walking trot, which vary by only 0.125 in limb phase LP 
(from 0.25 to 0.375). The five solutions also represent a 
range of hypothesized duty factors from 0.5 to 0.75. As 
shown in Table 2, these combinations result in overlap-
ping solutions that span only a narrow range of median 
CL from 1.37 to 1.67 ± 0.07  m, with a best fit length of 
1.6 ± 0.2.

To appreciate the subtle differences in these solutions, 
Fig.  9 shows the placement of the four locators in the 
case of the G3-0-50 walking trot versus the G2-1-50 walk 
for the same duty factor (DF = 0.5). The solutions are 
diagrammed for the midpoint of the trackway segment, 
see Fig.  7), where a minimum in CL was observed (see 
Appendix 2, Fig.  17). The computation of CL along the 
trackway is shown in Fig.  10 for the five highest-fitness 
trials.

In addition to trackway S1, two additional trackways 
were analyzed: BEB-500-S3 and BEB-500-S4 of the same 
500-level Courtedoux-Béchat Bovais tracksite. They are 
referred to here as the S3 and S4 trackways. The three 
trackways, S1, S3, and S4, had very similar track mor-
phology and dimensions, but were following separate 
paths. S1 and S3 were slightly convergent straight paths 
about 20 m apart; S1 and S4 were straight, parallel, and 
separated by about 70 m.

The trackway pattern in S3 (Fig. 11), appears very simi-
lar to that of the S1 trackway (Fig. 7). The variation along 
the trackway is difficult to discern visually, but nonethe-
less, leads to a very distinctive signature in the fitness dis-
tribution (Fig. 11). As in the analysis of the S1 trackway, 
S3 revealed a cluster of high-fitness solutions around a 
coupling length of 1.6 ± 0.2. In fact, the distributions in 
Fig.  8 and Fig.  11 are statistically indistinguishable. The 
trackmakers appeared to have been of very similar size 
and engaged in basically the same gait.

Next, we analyzed the extraordinarily regular S4 seg-
ment (of BEB-500-S4 of the same 500-level Courtedoux-
Béchat Bovais tracksite). Figure  12 shows the trackway 
pattern and the fitness results. Note the absence of a 
cluster of high-fitness solutions. The S4 segment was 
apparently too regular, and any ‘signal’ to indicate the 
trackmaker’s gait was masked by measurement uncer-
tainty. The gradual increase in fitness with CL reflects a 
residual scaling effect (see Appendix 2).
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Fig. 10 Coupling length computations for the five trials showing the best solution fitness (Table 2). These correspond to a small range of gaits (G2 
walk and G3 walking trot) and duty factors
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4  Discussion
4.1  High‑fitness solutions
Evaluating the fitness function across the combinations 
of gait and duty factor applied to BEB-500 S1 and S3, it 
was found that those combinations corresponding to a 

median gleno-acetabular distance of about 1.5 m show 
markedly less persistent deviation from the median 
(hence they represent better solutions) than those that 
produced by either shorter or longer-coupled track-
makers. In other words, if the trackmaker had a DGA 

Fig. 11 The S3 sauropod trackway, a contiguous segment of BEB-500-S3 of the Courtedoux-Béchat Bovais tracksite (Marty et al., 2007). The results 
of the best-fit solutions are statistically indistinguishable from those of the S1 trackway (Fig. 8), suggesting the two trackmakers had very similar size 
and gait

Fig. 12 The S4 trackway, a contiguous segment of BEB-500-S4, presented insufficient irregularity to provide information about the gait or size of 
the trackmaker based on coupling length



   18  Page 14 of 27 K. A. Stevens et al.

of about 1.5  m and proceeded with a gait with limb 
phase between 0.25 and 0.375 (i.e., a G2 or G3 gait) 
with relatively relaxed duty factors of between 0.5 and 
0.75, that it could have created the variations along the 
trackway in S1 or S3 with the least variation in its gait. 
The fitness function showed which combinations of gait 
parameters resulted in the least variation in apparent 
axial length from hip to shoulder. Stated another way, 
presuming that the trackmaker maintained a constant 
body length, if it were to have walked with any other 
gait, it would have had to shift those gait parameters 
much more while only producing the subtle variation 
we observe along the S1 or S3 trackway. The failure to 
detect a high fitness solution for S4 demonstrates that 
the method is not robust. This method, without fur-
ther constraints applied, only admits a resolution of 
CL under ‘Goldilocks’ conditions (i.e., trackways that 
are regular, but not too regular, relative to the spatial 
uncertainty created by measurement error).

For both S1 and S3 the best fit solutions were closely 
clustered, with three G3-0 trials (with DF = 0.5, 0.6, 
and 0.75), and two G2-1 trials (for DF = 0.5 and 0.6). 
Bearing in mind that the approach is probabilistic, 
these alternative solutions correspond to nearly the 
same footfall pattern and imply a trackmaker of nearly 
the same length for each best fit solution (Fig. 9). This 
analysis cannot resolve limb phase more precisely than 
to bracket it between a lateral-sequence singlefoot 
(walk) and a lateral-sequence diagonal-sequence gait 
(a ‘walking trot’ as it has characteristics of both a walk 
and a trot). The high-fitness S1 and S3 solutions have 
an honorable mention: the G1-1-50 (‘walking pace’), 
which corresponded to a slightly longer DGA of about 
1.8  m. It is noteworthy that all the high-fitness solu-
tions are in the range of G1–G3. Given the limited 
precision by which limb phase can be resolved using 
this method, it is helpful to consider what the analy-
sis rules out, namely the G4 trot and any other diago-
nal-sequence gait (G4–G7). It also indirectly rules out 
any solutions for trackmaker length other than those 
within a narrow band of DGA. There was also no sup-
port for the suggestion that sauropods engaged in a G0 
pace, contra (Casanovas et al., 1997; González Riga & 
Tomaselli, 2019; Vila et al., 2013).

Diagonal couplet gaits (G3 through G5) are regarded 
as primitive for tetrapods, while lateral couplet gaits 
(G1 through G2) may be a “true mammalian innova-
tion” (Wimberly et al., 2021). Sauropods, on that basis, 
might have been expected to have used a G4 trot, but 
the elephant, being the largest extant terrestrial verte-
brate, has been a more frequent model for sauropod 
locomotion, and so sauropods are usually depicted 
with a lumbering walk. Elephants always use lateral 

sequence gaits that vary continuously from a lateral 
couplet (G1 with LP about 0.2) at slower speeds to a 
singlefoot walk (G2 with LP = 0.25) (Genin et al., 2010; 
Hutchinson et  al., 2006). The result of our analysis 
suggests the sauropod trackmakers for the S1 and S3 
trackways were engaged in lateral sequence gaits. Spe-
cifically, the set of highest likelihood solutions con-
sisted of one G1, two G2, and three G3 gaits. Duty 
factor in some solutions was a brisk 0.5, and in one 
solution, a sauntering 0.75.

Gait naming conventions tend to suggest sharp cat-
egorical distinctions (e.g., between lateral couplet and 
singlefoot, or between singlefoot and diagonal couplet), 
slight variations in limb phase in the vicinity of a walk 
produce very similar trackway patterns, and very similar 
footfall patterns in the trackmaker. Whether a sauropod 
was engaged in a “true” G2 singlefoot or a G3 diagonal 
couplet cannot be resolved by our analysis, unfortu-
nately. What can be offered, however, is that the high-
fitness solution set includes several potential gaits that 
are regarded as more mammalian than archosaurian.

4.2  Estimation of trackmaker size
Track-based estimation of body size proceeds in two 
heuristic steps. First, hip height HA is estimated by multi-
plying measured pes track length PL by an assumed pro-
portionality constant HA/PL. Secondly, body length DGA 
is estimated by multiplying the hip height estimate by 
another presumed linear proportionality DGA/HA:

Each term has associated uncertainty. Proposals for the 
first constant, HA/PL, range from as low as 2.8 (Tschopp 
et al., 2015) to as high as 5.9 (Thulborn, 1990), with most 
estimates around 4 (Alexander, 1976; González Riga, 
2011; Ishigaki, 1988; Vila et  al., 2013). This large range 
reflects uncertainty in the contribution of soft tissues, 
the degree of digidigrady in the pes, and taxonomic and 
ontogenetic variations (e.g., Gallup, 1989; Bonnan, 2005; 
Wilhite, 2005; Schwarz, Wings, et  al., 2007a; Schwarz, 
Ikejiri, et  al., 2007b; Bonnan et al., 2010; Holliday et al., 
2010; González Riga, 2011). Since neither the taxonomy 
nor the maturity of the trackmakers responsible for the 
trackways in this study is known, the heuristic HA/PL is 
roughly 3.3 ± 0.5 (i.e., an uncertainty of about 15%).

The second proportionality constant, DGA/HA, also var-
ies considerably across sauropod taxa, ontogeny, and the 
skeletal reconstruction. Proposals for this constant based 
on earlier skeletal reconstructions vary from 0.92 to 1.2 
(González Riga, 2011; González Riga & Tomaselli, 2019; 
Mazzetta & Blanco, 2001; Vila et  al., 2013), but those 
reconstructions have evolved over the last century, with 

(1)DGA =
HA

PL
×

DGA

HA
× PL
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more recent reconstructions corresponding to DGA/HA 
of 1.0 or less, especially in subadults and juveniles due 
to their relatively longer limbs (Lovelace et  al., 2007; 
Schwarz, Ikejiri, et  al., 2007b; Stevens, 2013; Stevens 
et  al., 2016; Woodruff & Foster, 2017; Woodruff et  al., 
2018). Here we assume DGA/HA = 1.0 ± 0.1. Given that 
the median pes track length PL along the S1 trackway 
was 0.48 ± 0.08 m (i.e., an uncertainty of about 17%), the 
estimate for trackmaker size, incorporating error propa-
gation in Eq. 1 is:

Of course, the uncertainty would be less for a known 
trackmaker of known maturity, but for the sauropod 
trackways such as those in the assemblages studied here 
both those factors are unknown. The best fit trackmaker 
length DGA based on coupling length was 1.6 ± 0.2  m. 
Given the very different sources of information on which 
the two measurements are based, it is noteworthy that 
the estimates are so similar. The estimate of DGA based on 
coupling length is thus about twice as precise.

5  Conclusions
It is computationally difficult to rigorously infer the size 
and gait pattern of a trackmaker from a trackway pattern. 
The extraordinary preservation of the tracks on the BEB-
500 level provided numerous trackway segments that 
were promising but for the absence of a manus print or 
two. Perhaps those tracks were overprinted, or perhaps 
they were simply not preserved. Given the positional 
uncertainty with which even the best-preserved tracks 
could be located, we were limited to only those trackway 
segments that were complete in providing every manus 
and pes track along a contiguous length of the trackway. 
Of those, we were further limited to only those segments 
where the trackway indicated by its regularity a con-
stant forward progression of steps, i.e., a constant gait. 
Two of these, trackways S1 and S3, were indeed useful 
and yielded results, but the especially regular trackway 
S4 reminded us that a regular trackway is fundamentally 
ambiguous (Stevens et  al., 2016), i.e., any repeating pat-
tern of tracks could have been produced by some cor-
responding combination of trackmaker size and gait 
parameters.

Our probabilistic approach incorporated the conven-
tional numerical method of explicit error propagation, 
which allowed quantifying the confidence with which 
a signal could be resolved distinctly from the noise. It 
struck us as noteworthy that trackway irregularity, usu-
ally a source of obfuscation when attempting to derive 

(2)

DGA =
HA

PL
×

DGA

HA

× PL = 3.3× 1.0× 0.48

= 1.6± 0.4 m (i.e., ∼ 25% uncertainty)

insights by statistics, actually carries a useful signal to be 
interpreted. The strategy described here was the first use 
of track irregularities to resolve gait ambiguity and permit 
trackmaker size estimation. It was originally presented 
in 2017 (Stevens et  al., 2017), and the coupling length 
method was described in the final report summarizing 
our work with the work on the sauropod trackway assem-
blages in the Canton Jura (Paratte et al., 2018; Stevens & 
Ernst, 2017). We concluded at the time that the sauropod 
trackmakers were engaged in a lateral sequence gait with 
limb phase corresponding to somewhere between a sin-
glefoot (G2 walk) and a diagonal couplet (G3), and as the 
method was founded upon a careful use of explicit error 
estimation, the estimate of DGA provided by our method 
is consistent with, but offers greater precision than, the 
track-based methods which rely on heuristic coefficients 
of proportionality. The small absolute size of these sau-
ropods, with a DGA of roughly 1.6 m, was somewhat con-
trary to the usual expectation for gigantism in sauropods.

The present method was developed to provide some 
traction to the estimation of trackmaker size and gait 
in the case of extinct, graviportal, quadrupedal dino-
saurs. Being graviportal, we assume these trackmak-
ers were not engaging in running gaits, but that they 
used a symmetrical gait. Instead of assuming a specific 
gait (as a requisite for estimating trackmaker size from 
GA), the coupling length computation represents a 

Fig. 13 The step cycle for a G2 walk for three different duty factors 
(DF), with blue indicating support and red indicating transition 
states. We consider the case when PL finishes support, and examine 
the state of the other three locators. For DF = 0.5 (top graph), at that 
moment, indicated by the colored dots, we see that only three of the 
four locators are in ground contact (green), while MR is in transition 
(red) and its location must be interpolated. For DF ≥ 0.75 (lower two 
graphs) MR has completed its step and all four limbs are in ground 
contact. The dashed black line indicates the relative phase between 
MR and PL
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trackway-based measurement that generalizes over gait. 
The variation in CL along a trackway provides a means 
to explore the goodness of fit of various hypothetical 
choices of trackmaker gait. Our method also provides 
independent support for recent suggestions that HA/PL is 
less than often proposed, and perhaps about 3.3 ± 0.7.

Clearly, there is much more to be done to study the 
robustness of this method. It is fragile, and it has not yet 
been tested against the trackways created by extant quad-
rupeds, for which both gait and size are known. On the 
other hand, this method attempts to infer the most that 
can be derived with the least assumptions one may make, 
namely that trackmaker had a relatively fixed body length 
and was engaged in a specific gait that could take in stride 
the slight variations observed in those trackways.

We emphasize again that the method does not model 
any kinematic chain (e.g., from manus locator to manus 
coupler to pes coupler to pes locator). This was inten-
tional, for one can always create an increasingly specific 
model provided one wishes to introduce increasingly 
specific assumptions (for example, that the trackmaker 
was of one or another specific sauropod taxon).

Appendix 1
Coupling length
The interpretation of coupling length starts with select-
ing four tracks, two pes and two corresponding manus 
tracks. Since alternative pairs of manus tracks could have 
been selected to pair with the given pes tracks, the sub-
sequent analysis begins with one such choice of pairings, 
which will then be generalized to explore other possible 
pairings of manus and pes tracks.

Next, we construct two couplers, one for the pair of pes 
locators and another for the pair of manus locators. In 
general, a coupler is a line segment representing the pair-
ing of two locators (xl, yl) and (xr, yr), and its midpoint γ is 
simply given by:

The midpoint γ of a coupler approximates the center 
of a limb girdle, therefore the coupling length CL is the 
instantaneous separation between the pes and manus 
couplers, specifically:

where xγ ,pes corresponds to the x coordinate of the pes 
coupler, and so forth. Figure 5 shows the pes and manus 
couplers as line segments between corresponding pes 
and manus locators, and the line segment CL is shown 
connecting the midpoints of the two couplers.

(3)γ =

(

xl + xr

2
,
yl + yr

2

)

(4)
CL =

√

(

xγ ,pes − xγ ,manus

)2
+

(

yγ ,pes − yγ ,manus

)2

Fig. 14 An idealized trackway with two simulations wherein the left pes is about to finish the support phase. In the upper diagram the duty factor 
is only 0.5 and therefore the right manus MR is still in transition. In the lower diagram, the duty factor is 0.75 and now MR has just completed its step. 
Notice the difference in CL for the two cases

Fig. 15 The step cycle for a G1 ‘pacing walk’ for three different duty 
factors (DF). For DF = 0.5 and 0.6 the right manus is in transition and 
must have its position interpolated. For DF ≥ 0.625 all four limbs are in 
ground contact. As in Fig. 13, the dashed black line indicates α-phase 
φα the relative phase between MR and PL
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Coupling length is subject to measurement uncertainty 
since it is a computation based on uncertain locator posi-
tions. The positional uncertainty of a locator reflects the 
underlying track measurement error when in support, 
and that uncertainty is necessarily greater when the limb 
is stepping between tracks. When the locator is in mid-
step, its position is calculated using linear interpolation 
between the coordinates of the previous and next track 
centers, using a conventional interpolation variable α 
(0 ≤ α ≤ 1). Initially (at α = 0), the locator is still at the 
previous track, and is just finishing support. For interme-
diate values of α (0 < α < 1) the locator is in transition and 
its position is interpolated between that of the previous 
and next tracks. When α reaches 1 the locator is again in 
support at the next track. Note that α is a relative phase, 
i.e., relative to when the locator begins transition, which 
depends on LP and DF and the particular limb. We will 
need to also compute the absolute phase (i.e., relative to 
PL) at which to start the interpolation for that locator, 

which is specific to the limb, the limb phase, and the duty 
factor. Given that, we can then compute the position of 
each of the four limbs even if one limb is in transition, at 
any point within the overall step cycle.

Since we consider only walking gaits (DF > 0.5), both 
hindlimbs are simultaneously in support during two 
intervals of each step cycle. We measure CL only at the 
end of each such interval (when either pes PL or  PR just 
finishes its support phase and begins its next step). This 
choice of timing will be shown to permit CL to converge 
to GL. At those two moments within a cycle, we know 
the position of the pes coupler γpes since both pes loca-
tors are in support, placed on their respective tracks. In 
the following, we describe only the case for PL since the 
reasoning is similar for PR. Since DF > 0.5 we also know 
that one manus locator is also in support, hence we know 
the position of the track on which it stands, and finally, 
we can also interpolate the position of the other manus 
locator. With both manus locators known, we can then 
solve for the position γM of the manus coupler and thus 
compute CL = (γmanus − γpes) according to Eq.  4 for any 
combination of limb phase and duty factor DF ≥ 0.5.

Coupling length for the walk gait
The equation for coupling length will be developed 
first for the familiar case of a G2 walk (LP = 0.25), then 
will be generalized to other gaits. Figure  13 shows 
phase diagrams for the walk for three duty factors 
(DF = 0.5, 0.75, and 0.8). As in Fig. 2, the blue and red 
intervals indicate support and transition, respectively. 
In each case, a step cycle begins with the left pes PL 
just beginning support, followed by the left manus ML 

Table 3 The α-phase φα and the minimum duty factor DFMin 
required to achieve four-limb support for each given gait

Gait φα DFMin

Pace G0 0 0

‘Pacing walk’ G1 0.375 0.625

Walk G2 0.25 0.75

‘Walking trot’ G3 0.125 0.875

Trot G4 0 0

‘Trotting amble’ G5 0.375 0.625

Amble G6 0.25 0.75

‘Ambling pace’ G7 0.125 0.875

Fig. 16 Median Coupling lengths by trial. Note the color code indicating gait (G0–G7)
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at t = 0.25, the right pes PR at 0.5, and the right manus 
MR at t = 0.75.

Coupling length is defined twice per step cycle (when 
either the left or right pes completes support and 
begins transition), but for purposes of development we 
consider when the left pes PL just finishes support and 
begins to step. The state of the four locators is exam-
ined at this instant for three examples of duty factor 
(Fig. 13). For the very short duty factor of 0.5, note that 
while three locators are in support (indicated by green 
dots), MR is in transition (red dot), midway between 
the previous and next track at that instant. Note that 
for longer duty factors (wherein PL remains in sup-
port longer), MR will complete more of its transition 
and converge on the location of the next track at that 
moment of measurement. For sufficiently long duty fac-
tors (i.e., DF ≥ 0.75), all four locators are in support at 
that moment.

The left pes PL begins support at time t = 0.0 and it 
remains in support until t = DF whereupon it begins 
transition. At that moment, the right manus MR is still in 
transition for any duty factor less than 0.75, and its posi-
tion would have to be interpolated as a fraction α of the 
distance between the last position for MR and its next 
position. For the case of a G2 walk (LP = 0.25), the inter-
polation value αwalk depends only on the duty factor DF, 
and is given by:

The numerator of (5) is the relative phase between MR 
and PL, indicated by the dashed black line in Fig. 13 high-
lighting the fraction of a step cycle between the end of 
support for PL and the end of support for MR. The denomi-
nator of (5) is the duration in which the limb is in transi-
tion (i.e., it is the relative complement of the duty factor). 
The quotient αwalk is therefore the fraction of the way that 

(5)αwalk =
0.25

1.0− DF

Fig. 17 Two trials for which coupling length is computed along the BEB-500-S1 trackway for a G2 walk (LP = 0.25, DF = 0.6). Upper: shows the 
G2-1-60 gait with track separation of 1 (refer to Fig. 6 for the track configuration corresponding to G2-1). Lower: the same trackway and gait but for 
G2-2-60 (i.e., a track separation of 2)
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MR has traveled from the previous track to the next track. 
For DF = 0.5, MR is half the distance between the previous 
and next tracks, and for any value DF ≥ 0.75 the interpo-
lation would be complete, and MR would be at the next 
track. What are the consequences of interpolation on the 
coupling length computation CL? Since PL and PR are in 
support, the pes coupler γpes is fixed, and ML is also in sup-
port at this moment, so that as MR converges on the next 
track as DF increases, CL converges on GA.

Figure  14 shows this diagrammatically for DF = 0.5 
(upper trackway diagram) and DF = 0.75 (lower). The 
gait in both cases is a G2 walk (LP = 0.25). Both dia-
grams show the configuration of the four locators 
at the instant the left hindlimb is about to initiate 
another step. For DF = 0.5 the right manus is in tran-
sition midway between two manus tracks while for 
DF = 0.75 its transition phase is complete, all locators 
correspond to track positions, and CL converges to 
the conventional GL computation (Fig.  1). For values 
of DF > 0.75, CL would remain as shown in the lower 
diagram of Fig. 14.

Generalization to other gaits
The above discussion, while specific to the G2 walk, 
also applies to the other lateral sequence gaits such as 
G1 and G3. Recall that in the case of the walk, depend-
ing upon the duty factor, the right manus might still 
be in transition when we need to compute the location 
of the manus coupler. We interpolate the position of 
MR between the previous and next right manus tracks 
using an interpolation value αwalk. While this inter-
polation value depended only upon the duty factor in 
Eq. 5. The generalization of (5) to apply to other gaits 
will depend on both LP and DF.

To illustrate, Fig.  15 diagrams the G1 gait (lateral 
sequence lateral couplet, LP = 0.125), for three duty fac-
tors (DF = 0.5, 0.6, and 0.9). Recall that the numerator in 
(5) was graphically indicated by the dashed black line in 
Fig.  13. The generalization of the numerator, which will 
be called the α-phase and given the variable φα below (in 
Table 3 and Eq. 6), is graphically indicated by the dashed 
black line in Fig. 15.

The generalization of the interpolation value α is now 
an equation with two unknowns, the α-phase φα (which 
is itself a function of LP and DF), and the duty factor DF:

Table  3 shows the values of α-phase and the minimum 
duty factor DFMin required to achieve four-limb support, 
for each of the eight gaits considered. This generalization 
extends to diagonal sequence gaits G5-G7, wherein the 
three-limb support is provided by PL, PR, and MR and ML 
in transition (and the α-phase is then measured between 
ML and the pes PL).

Coupling length CL can now be measured as the dis-
tance between the pes and manus couplers for any walk-
ing gait. In each case, the two pes locators are in support 
and one or the other manus locator may require linear 
interpolation, by:

where ψ1 is the locator in support, (xψ1, yψ1) is the 
position of that locator, and ψ2 refers to the other loca-
tor which is in transition, the position of which is being 
interpolated.

This formula reduces to the original GA formula when α is 
0 or 1, i.e., when the duty factor is sufficiently long to permit 
all four limbs to be in simultaneous ground contact for that 
given gait. Coupling length is therefore a discretely sampled, 
periodic value within a trackway that can be measured twice 
per gait cycle (each time a pes support cycle ends).

Given that the S1 trackway consists of 10 complete 
step cycles, each trial resulted in 20 coupling length 
measurements (twice per cycle for 10 cycles). Median 
CL was then computed for each trial for the 20 coupling 
lengths. Figure 16 plots the results sorted by median CL 
length. No coupling lengths were excluded, resulting in 
some improbably short-coupled (CL = 0.77 m) and some 

(6)α(φα ,DF) = f (x) =

{

1;
∣

∣if φα ≥ 1.0− DF
φα

1.0−DF

∣

∣otherwise

(7)

γmanus =

(

x1 + x2,prev + α
(

x2,next − x2,prev
)

2
,

y1 + y2,prev + α
(

y2,next − y2,prev
)

2

)

Fig. 18 In a, coupling length increases from a median value at two separate points along the trackway, while in b, this shift occurs once, but for a 
longer duration. Note that the area under the two curves is identical
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improbably long-coupled (CL = 4.7  m) trackmakers for 
the size of the tracks in this trackway. Each computed 
value of CL also has an associated uncertainty which 
reflects error propagation from the uncertainty in the 
track locations. Despite the excellent preservation of this 
trackway, the small uncertainties in track position result 
in a large degree of overlap between median coupling 
length values in neighboring solutions. While trials with 
shorter CL have a greater relative uncertainty than those 
with longer values of CL, the median values by them-
selves provide very little information. Not finding any 
distinguishing behavior of median CL across any of the 
40 distinct gaits, we turned to examining how CL varied 
locally along the length of the trackway for each trial con-
dition, hence we developed a quality-of-fit measure.

The next step is to create a metric by which we can 
evaluate the variation in coupling length along the track-
way for each trial, in order to find a ‘best’ solution.

Appendix 2
Evaluating quality of fit
We considered how CL varies along the trackway for each 
condition. We began by focusing on the G2 walk gait (spe-
cifically G2-1-60 and G2-2-60) and plotting their coupling 
length values versus cycle along the length of the track-
way. Figure 17 shows the results for G2-1-60 and G2-2-60, 
respectively, where the configuration G2-2 has one addi-
tional stride length separation between the pes pair and 
the manus pair. Each of the following plots has a one-meter 
range on the ordinate centered on the median coupling 
length value for that trial. The observed variations in cou-
pling length values along each trial arise from two poten-
tial sources. The first is noise, which is inherent in any 

biological system. The second is a characteristic perturba-
tion to CL in response to the track pattern perturbation. 
It’s this second type of characteristic variation that we will 
exploit, provided it can be distinguished from the noise.

With reference to Fig.  17, there are clear differences 
between the responses of the G2-1-60 and the longer-
coupled G2-2-60 to this trackway. Since we hold con-
stant both the gait and the duty factor, the difference 
between the two trials is essentially the ‘body length’ (by 
adding one stride length to the choice of manus tracks to 
associate with the given pes tracks). We seek to establish 
parameters derived from the coupling lengths in each 
trial that can be used to quantify the characteristic vari-
ations between trials. These parameters will form a “fea-
ture space” (a set of possible combinations of parameter 
values) that can be used to determine the fitness of each 
simulation trial as a solution for the trackway. However, 
as with many complex systems, the characteristic varia-
tions are not perfectly orthogonal to the noise. A feature 
space cannot be created that represents only the char-
acteristic variations within trials. Some amount of noise 
will be included in each parameter and will have to be 
accounted for in the analysis using uncertainty and error 
propagation techniques.

What interpretation should be given to the variations in 
measured coupling length as it is applied along a trackway? 
This computation results from the application of fixed spe-
cific values for the free parameters to the positions of actual 
track locations. The irregularity in computed CL therefore 
results from the irregularity in the trackway, and even a 
trackway as subtly irregular as that in Fig.  7 could result 
in substantial variation in CL. This variation is difficult to 
explain in biological terms, as that would suggest the axial 

Fig. 19 PRSS values for the 40 trials of CL computations along BEB-500-S1
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length of the trackmaker varied quite substantially during 
its passage. If we reject that conclusion, then it comes down 
to either having applied the ‘wrong’ choice of free param-
eters or having incorrectly assumed that the trackmaker 
walked with a constant gait as it created that trackway. To 
resolve this, we seek a metric on which to judge the suit-
ability of a given gait as a model for the trackmaker’s move-
ments along an actual trackway. We do not seek to solve for 
the ‘right’ choice of gait parameters; rather we seek to rule 
out ‘wrong’ choices, based on a fitness function which we 
will develop.

Persistent residuals
Consider a fictional trackway where two simulation tri-
als, a and b, produce coupling length plots with the same 
median value but rather different profiles (Fig.  18). We 
wish to quantify the salience of these differences.

A residual analysis is a common approach to distin-
guish these cases, wherein the difference between each 
sample and the expected value is calculated. Each differ-
ence is squared to make all values positive and to weigh 
relatively larger differences more strongly than smaller 
ones. If we specify the consistent baseline value as the 

Fig. 20 PRSS values normalized to account for expected increases in CL across the different trial conditions

Fig. 21 PRSS fitness
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expectation value, we can calculate this residual sum of 
the squares (RSS) as:

where x is the baseline value. For the two plots in Fig. 18, 
however, the RSS results are identical, hence a standard 
residual analysis would conclude that the two trials are 
equally efficacious solutions for that trackway.

We can improve the residual analysis by consider-
ing the physical restrictions on the trackmaker. In trial 
a, the two deviations are isolated and short in dura-
tion (consisting of one sample above the baseline in 
each case) while in trial b there is one deviation for 
twice the duration. Given we are computing coupling 
length along a trackway, one single step of either a pes 
or manus that deviates substantially from the median 
step length could produce an isolated deviation in CL 
from the baseline. A slightly longer (or shorter) than 
usual pes step at the same moment as a slightly shorter 
(or longer) manus step could also combine to cre-
ate a short-isolated deviation in the CL computation. 
But the story is different for trial b in Fig.  18, where 
CL deviates from the baseline for two successive meas-
urements. For the trackmaker to sustain a deviation 
from baseline for two or more successive measure-
ments (one step cycle or more) requires some change 
in gait parameters, if one is to believe the trackmaker 
cannot substantially change its axial length during that 
protracted interval. Taking this into account requires 
altering the way the residuals are calculated. Our 

(8)RSS =

N
∑

i=1

(xi − x)2

concern is not that a residual exists, but that a residual 
persists for a longer interval than would reflect an iso-
lated deviation of the trackmaker. We can define this 
notion of persistence by replacing the square of each 
residual in the RSS calculation (Eq. 8) with the product 
of nearest neighbor residuals, i.e.,

Applied to our examples in Fig. 18, trial a has a value 
of PRSS = 0 while trial b has a PRSS = 0.023. The persis-
tent residual effectively removes noise variations caused 
by single-sample deviations. With it we can conclude that 
trial a is a more efficacious solution for the trackway. In 
the example above we specified a reasonable, but some-
what arbitrary, value for the expectation value x . For 
more general simulation trials, PRSS is better expressed 
as:

where CL is the median length across the given simula-
tion trial. Applying this PRSS formulation (Eq.  10) to 
the BEB-500 S1 trackway yields the following plot of the 
persistent residual sum of squares for coupling length 
(Fig. 19).

It is apparent that there is a scaling issue in these results. 
We did not observe this in our fictional example because 
the two trials shared the same expectation (baseline) val-
ues. Median coupling values generally differ in actual 

(9)PRSS =

N−1
∑

i=1

|xi − x||xi+1 − x|

(10)PRSS =

N−1
∑

i=1

∣

∣CLi − CL
∣

∣

∣

∣CLi+1 − CL
∣

∣

Fig. 22 In a, coupling length deviates from a median value at two separate points along the trackway with the same sign, while in b the deviations 
have opposite sign. Note that the area under the two curves is identical

Fig. 23 The results of the two trials are identical but for the third sample, which is above baseline in b 
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simulation trials, however. Normalizing the residuals by 
their median coupling values eliminates the problem: (11)PRSS =

N−1
∑

i=1

∣

∣

∣

∣

CLi

CL
− 1

∣

∣

∣

∣

∣

∣

∣

∣

CLi+1

CL
− 1

∣

∣

∣

∣

Fig. 24 Normalized swing by trial

Fig. 25 The results of the swing deviation

Fig. 26 The results of the swing deviation
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There is another subtle issue caused by boundary condi-
tions at the beginning and end of the trackway. The number 
of samples, N, in a trial depends on the gait for a given trial. 
For example, manus locators in a long-coupled trial (such 
as G2-2) are further ahead in a trackway than in a short-
coupled trial (G2-1) at the same moment in a simulation, 
and therefore will complete fewer samples. This relatively 
penalizes those simulation trials with more samples, which 
is resolved by simply dividing the PRSS by the number of 
residuals in the summation:

PRSS can now be calculated by Eq. 12 for every simula-
tion trial on a trackway and used to compare one trial to 
another. For BEB-500 S1 this yields the graph in Fig. 20.

We can now use PRSS values to compare the solu-
tion efficacy of the two trials a and b in terms of standard 
deviations:

where σ(a,b) are the uncertainties for the a and b trials.
While pairwise comparisons are useful, a global comparison 

across all trials would be preferable and allow the solution effi-
cacy of every trial to be ranked at once. We therefore general-
ize the previous pairwise comparison formula (Eq. 13) to:

Comparisons are made for each trial relative to the 
smallest persistent residual sum-of-squares value, PRSSmin, 
from the collection of solutions. A value of 0 indicates that 
there is no observed difference between a particular trial 
and the ‘best’ solution while values greater than 0 indicate 
a less efficacious solution than PRSSmin. This makes ΔPRSS 
suitable as a fitness parameter for persistent residuals 
(Fig. 21).

Swing
Consider another fictional trackway where this time two 
simulation trials a and b produce the two coupling length 
CL plots in Fig. 22. Each trial has two persistent deviation 
regions, one large and one small. While the two persis-
tent deviation regions are both positive in trial a, in trial 
b they swing from positive to negative.

The value of PRSS for these two trials is 0.025 and 
thus fails to distinguish the differences in the sign of the 

(12)PRSS =
1

N − 1

N−1
∑

i=1

∣

∣

∣

∣

CLi

CL
− 1

∣

∣

∣

∣

∣

∣

∣

∣

CLi+1

CL
− 1

∣

∣

∣

∣

(13)�PRSS =
|PRSSa − PRSSb|

√

σ 2
a + σ 2

b

,

(14)�PRSS =
|PRSSi − PRSSmin|

√

σ 2
i + σ 2

min

residuals, which represents a greater range of CL values 
for trial b than trial a. Another parameter is therefore 
needed to express the overall range of coupling length 
values within a trial. We define this parameter, which we 
will call swing, as the difference between the minimum 
and maximum coupling length values:

It is normalized by the median coupling length value in 
order to avoid the scaling issue that arose earlier in the 
PRSS formulation when comparing trials with different 
median coupling lengths. For trials a and b in Fig. 22 the 
calculated swing values are 0.15 and 0.2, respectively. The 
smaller swing for trial a suggests that a is a better solu-
tion than trial b (i.e., the trackmaker using gait a would 
have had a lesser transient deviation from steady state 
than if using gait b).

But the swing formulation is not yet complete. We pre-
viously established the importance of persistence in the 
formulation of the PRSS parameter. Persistence pertains 
to swing as well. While deviation for the course of one 
sample can be attributed to noise, deviation for more 
samples likely indicates more than noise as the underly-
ing cause. To illustrate this, suppose another fictional 
trackway produced the following two coupling length 
plots for two trials a and b (Fig. 23).

In this example, the only difference between trials 
a and b is the third coupling length sample, which, in 
Fig. 23a has zero deviation from the baseline value, while 
in Fig. 23b that sample has a non-zero deviation from the 
baseline value. Using the formulation for swing outlined 
above, these two example trials have the same swing 
value despite the greater persistence of a deviation in trial 
b than in trial a. This is efficiently resolved by introducing 
a forward-moving average, which is generally defined in 
the form

Next, we need to incorporate the uncertainties of the 
samples into this forward-moving average, resulting in 
a weighted version:

where σi and σi+1 are the uncertainties in coupling length 
values at i and i + 1. The weighted averaged coupling 
length values can then be substituted into the previous 
swing Eq. (15) as

(15)swing =
|CLmax − CLmin|

CLmedian

(16)xi =
xi + xi+1

2

(17)CLi =

CLi
σ 2
i

+
CLi+1

σ 2
i+1

σi + σi+1
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This updated swing formulation now properly distin-
guishes between the two trials from the previous exam-
ple with a higher swing value for trial b than for trial a. 
Applying this swing formulation (Eq. 18) to BEB-500 S1 
yields the plot in Fig. 24.

In the same fashion as the PRSS parameter, the swing 
parameter needs to be converted into a fitness param-
eter for comparison across trials. We use the same 
approach for swing as we used for PRSS. That is, the 
lowest swing value among the trials is used as the high-
est fitness value, and all other trials are compared to it 
using the deviation significance calculation:

The computed swing deviation is shown in Fig. 25.

Solution fitness
Now that we have our two fitness parameters ΔPRSS and Δswing 
(Eqs. 14 and 19) we combine them by plotting each trial on a 
scatter plot with the parameters as the values for each axis. To 
weigh the fitness parameters equally, the values for all of the 
trials are rescaled to a maximum of 1 (Fig. 26).

The closer a particular trial is to the origin of this fit-
ness parameter space, the more efficacious a solution the 
trial is for the trackway. Computing the Euclidean dis-
tance for each point creates the final fitness parameter 
ranking for the trials

And finally, to more clearly present the quality-of-
fitness, the fitness for each trial is subtracted from the 
poorest fitness to yield the plot in Fig. 11.
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